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NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 31. IntrodutionWhen automati omputers began to appear in the 1950s various on�dent, andoften inorret, preditions were made onerning the impat of these devies onapplied mathematis, siene and engineering. One of these preditions was thatthe need for speial funtions, or higher transendental funtions (as they are alsoknown), would disappear entirely. This was based on the observation that the mainuse of these funtions in those days was to approximate the solutions of lassialpartial di�erential equations: with automati omputers it would beome possibleto solve these equations by diret numerial methods. This observation is indeedorret; nevertheless, a perusal of urrent omputational journals in the sienesreveals a persistent need for numerial algorithms to generate Airy funtions, Besselfuntions, Coulomb wave funtions, error funtions and exponential integrals|toname but a few of the lassial speial funtions. Equally signi�antly, the NationalBureau of Standards' Handbook of Mathematial Funtions [AS64℄1 ontinues tobe one of the best-selling mathematial books of all time2.The purpose of the present paper is to provide some assistane to those math-ematiians, engineers, sientists, and statistiians who disover that they need togenerate numerial values of the speial funtions in the ourse of solving theirproblems. \Generate" is the operative word here: we are thinking primarily ofeither software or numerial approximations that an be programmed fairly easily.Numerial tables are not overed in this survey. Furthermore, for the most part weshall onentrate on the funtions themselves; only in ertain ases do we inlude,for example, zeros, inverse funtions or inde�nite integrals. Elementary funtions,also, are exluded3. Lastly, we believe that the majority of readers would preferus to emphasize the more useful algorithms rather than make an attempt to beenylopedi: algorithms or approximations that have learly been superseded areomitted.We identify three stages in the development of omputational proedures for thespeial funtions:1. Derivation of relevant mathematial properties.2. Development of numerial approximations and algorithms.3. Constrution and testing of robust software.Inluded in Stage (i) are asymptoti expansions, ontinued frations, di�erene anddi�erential equations, funtional identities, integral representations, and Taylor-series expansions. Inluded in Stage (ii) are expansions in series of Chebyshev poly-nomials (\Chebyshev series"), minimax polynomial and rational approximations,Pad�e approximations, numerial quadrature, and numerial solution of di�ereneand di�erential equations. In this paper the emphasis will be on Stages (ii)and (iii), but in x2 we supply some general referenes for Stage (i).1An explanation of the sheme used for aronyms of referenes is given on p. 23.2In 1988 the National Bureau of Standards beame the National Institute of Standards andTehnology.3Methods for onstruting and testing algorithms for generating elementary funtions are sur-veyed in [CW80℄. See also [Bai93, Bre76, Bre78a, Bre78b, Cod93a, LCY65, MY91, Smi89, Smi91,Ziv91℄.



4 D. W. LOZIER AND F. W. J. OLVERIn x3 we make a general survey of software libraries and pakages4 that inludeolletions of speial funtions.In xx4 and 5 the funtions are treated individually. We list software that isalready available and readily programmable numerial approximations. In x6 wealso inlude referenes to artiles (or books) that may be useful for the testing oromparison of existing software, or in the onstrution of new libraries. We donot attempt what would be a herulean task of testing and omparing everythingthat is available. Our philosophy in this survey has to be that of aveat emptor:no algorithm, approximation or pakage that we mention should be relied upon toprodue aurate output in the absene of evidene of independent and systematiheks.As in the progress of other branhes of numerial analysis, proedures used toevaluate speial funtions are inuened heavily by the omputing equipment avail-able at the time. In the era of desk-alulating mahines the medium was a printedtable of numerial values of the wanted funtion, or funtions, generally for equi-spaed values of the arguments. Nontabular values were alulated by means of La-grange's interpolation formula or entral-di�erene interpolation formulas [Fox56℄.In other words, loal polynomial approximations were employed. These interpo-lation proedures were reasonably suessful for funtions of a single variable, buttwo-dimensional interpolation on desk-alulating mahines was often a laboriousomputation that was prone to error. The daunting task that faed a (human)omputer is summed up in the following quotation from the Introdution to KarlPearson's tables of the inomplete gamma funtion [Pea22℄:\As a matter of fat, supposing the use of a mahine, whih every modernomputer has at his ommand, no interpolation suggested ought to take more thanan hour's work and many muh less. If the user of these tables groans under thathour, let him ompute de novo a funtion value, say I(6:86877; 47:1813)|inludingof ourse �(48:1813)|to seven-�gure auray, and when he has ompleted the task,we believe his feelings towards those who have provided him with these tables willbe very sensibly modi�ed."With eletroni omputers, the number of arithmeti operations that ould beontemplated for the generation of a single funtion value inreased onsiderably. Inonsequene, high-degree global approximations appeared for funtions of a singlevariable in the form of minimax polynomial or rational approximations, or trunatedChebyshev-series expansions; see, for example, [Cle62, HCL+68℄ and [Luk77b℄.Chebyshev series in two dimensions also beame feasible [CP66, Luk71a, Luk71b,Luk72a℄. However, beause of their more ompliated asymptoti behavior, speialfuntions of two variables annot be overed omprehensively simply by use of poly-nomial or rational approximations or Chebyshev series. The situation is loudierstill when the variables or parameters are omplex, or of ourse when they are morethan two in number. For this reason, to ahieve maximum speed, a omprehen-sive software pakage for generating a funtion of two (or more) variables typiallyemploys several di�erent algorithms in addition to, or quite ommonly in plae of,polynomial or rational approximations or Chebyshev series. The onstrution andtesting of suh a pakage invariably entails prodigious e�ort.4Certain ompany produts are identi�ed in the text. In no ase does suh identi�ation implyreommendation or endorsement by the National Institute of Standards and Tehnology, nor doesit imply that the produts are neessarily the best available for the purpose.



NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 5Computers ontinue to inrease in sophistiation and power; in onsequenewe should expet further hanges in the algorithms used to generate the speialfuntions. So far, the potential o�ered by the introdution of vetor and parallelomputing mahines has not been exploited to any great extent. It might well leadto simpli�ations in the algorithms needed for many funtions, as well as to aninrease in exeution speeds. We refer again to this possibility in the onludingsetion (x7).In assembling the bibliography of this paper we have been assisted by the ref-erenes olleted and lassi�ed by the late Dr. L. W. Fullerton in his 1980 BellLaboratories report [Ful80℄, by aess to Dr. N. M. Temme's private olletionof referenes, and by GAMS, the Guide to Available Mathematial Software pre-pared by the National Institute of Siene and Tehnology [BHKS90℄. Aessible athttp://gams.nist.gov/, GAMS is a onvenient, free soure for doumentation andnonproprietary soure ode.We have searhed through issues of the following journals of the past twenty-�veyears for relevant referenes:Applied Statistis (Appl. Statist.), Assoiation for Computing Mahinery Trans-ations on Mathematial Software (ACM Trans. Math. Software), BIT, ColletedAlgorithms from the Assoiation for Computing Mahinery (CALGO), Communi-ations of the Assoiation for Computing Mahinery (Comm. ACM), ComputerPhysis Communiations (Comput. Phys. Comm.), Computing, Journal of Com-putational and Applied Mathematis (J. Comput. Appl. Math.), Journal of Compu-tational Physis (J. Comput. Phys.), Mathematial Reviews (Math. Rev.), Mathe-matis of Computation (Math. Comp.), Numerishe Mathematik (Numer. Math.),U.S.S.R. Computational Mathematis and Mathematial Physis (U.S.S.R. Com-put. Math. and Math. Phys.)5, Zeitshrift f�ur Angewandte Mathematik und Physik(Z. Angew. Math. Phys.), Zentralblatt f�ur Mathematik und ihre Grenzgebiete (Zbl.).However, beause of the sheer volume and diversity of publiations on speialfuntions it is almost inevitable that we have overlooked some useful algorithmsand important artiles. In this event we tender, in advane, our apologies to theauthors. 2. Mathematial DevelopmentsComprehensive ompendia of mathematial properties of the speial funtionsare provided by the National Bureau of Standards' Handbook of MathematialFuntions [AS64℄, published originally in 1964, and the 3-volume set that resultedfrom the Bateman Manusript Projet [EMOT53a, EMOT53b, EMOT55℄, pub-lished in 1953 and 1955. These referenes employ the same notation for the speialfuntions, and we shall follow them. The NBS Handbook has been reprinted manytimes by the U. S. Government Printing OÆe and has also been issued in whole, orin part, by other publishers inluding Dover Publiations, Mosow Nauka, VerlagHarri Deutsh and Wiley-Intersiene.The forerunner of [AS64℄ is the book of Jahnke and Emde [JE45℄, publishedoriginally in 1909, and still in print6. It ontinues to be useful, espeially for itsolletion of graphs. Other useful ompendia inlude those of Magnus, Oberhet-tinger and Soni [MOS66℄, and (from the standpoint of hypergeometri funtions)5In 1991 this journal was retitled Computational Mathematis and Mathematial Physis.6A more reent edition, with F. L�osh added as author [JEL60℄, is no longer in print.



6 D. W. LOZIER AND F. W. J. OLVERLuke [Luk69a℄. For an introdutory ompendium, see the reent \atlas" of Spanierand Oldham [SO87℄.Books and artiles that inlude desriptions or surveys of general methods foromputing speial funtions inlude [Bre78b, DKK81, Gau75, HCL+68, Luk69b,Luk77b, PT84, PTVF92, Tem78, vdLT84℄.Other books and artiles that provide indepth overage of pertinent topis in-lude:[Ask89, survey of ompendia℄, [BG81a, BG81b, Pad�e approximations℄, [BH75,asymptoti approximations℄, [Bre91, ontinued frations, Pad�e approximations℄,[BvI93, Pad�e approximations℄, [Cod70, polynomial and rational approximations℄,[Fik68, polynomial and rational approximations℄, [FP68, Chebyshev polynomials℄,[JT80, ontinued frations℄, [Kar91, power series℄, [KG80, statistial omputations℄,[Luk75, supplement to AS64|espeially for funtions of hypergeometri type℄,[Mor80, power series℄, [Olv74, asymptoti approximations℄, [Riv90, Chebyshev poly-nomials℄, [Tem77, integral representations℄, [Tem85, asymptoti approximations℄,[Wim84, reurrene relations℄, [Won89, asymptoti approximations℄.3. Pakages, Libraries and SystemsThis setion reviews a seletion of mathematial software with respet to itssupport for the numerial evaluation of speial funtions7. In some ases only adesriptive overview is given while in others ross-referenes by individual funtionare given in the subsequent setions x4 and x5. The ross-referened pakages,libraries and systems are marked with a |. We used the following riteria inassigning the | marks:First, a marked item must be readily aessible. Often this means it is ommer-ial software that is purhased or leased for a fee but we also inlude software that isdistributed, usually over omputer networks, by journals and researh institutions.Seond, a marked item must have a signi�ant following in North Ameria. (Inmost ases the unmarked software is used widely elsewhere.)Third, a marked item must be reasonably omprehensive in its overage of speialfuntions.3.1. Software Pakages. In this paper software pakage will mean a set of sub-routines, or just a single subroutine, that addresses a sub�eld of numerial mathe-matis. There are three important series of software pakages that inlude speialfuntions. These pakages are researh ontributions written in a variety of pro-gramming languages.3.1.1. | ACM Algorithms. These were published in the Communiations of theACM, Volumes 3{18 (1960{75) and sine then in the ACM Transations on Math-ematial Software (TOMS). The transition between the two journals took plaewith Algorithm 493 in Volume 1, Number 2 of TOMS. Algol was required orig-inally but Fortran and other languages were allowed after it beame lear thatthis ondition was too restritive. The urrent ACM Algorithms Poliy appears athttp://www.am.org/algo/AlgPoliy.html; also see [Kro91℄. The poliy requiresACM Algorithms to be self-ontained, adequately doumented through omments7General reviews of mathematial software appeared regularly from 1988 to 1994 in the Com-puters and Mathematis olumn of the Noties of the Amerian Mathematial Soiety. An indexis given in [DW95℄.



NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 7in the ode, and reasonably portable from one mahine to another. A test programwith sample output is also required. The poliy provides for addenda to previouslypublished algorithms. All ACM Algorithms that appear in TOMS are refereed.The ACM Algorithms Poliy has been in e�et, with little hange, sine 1975.ACM Algorithms are aessible at http://www.am.org/algo/. For indexingpurposes, eah is assigned a symbol from a modi�ation of the SHARE lassi�a-tion system; f. [ACM℄ or [ACM64℄. Cumulative indexes by SHARE lassi�a-tion for 1960{1980, 1981{1986 and 1987{1988 appear in [ACM℄. Algorithm 620[Ham85, HM90b, RH84℄ provides a data base and Fortran program for preparing aumulative index by SHARE lassi�ation. This data base is updated periodiallyby the ACM Algorithms Distribution Servie and Netlib.3.1.2. | AS Algorithms. A setion for statistial subroutines in Applied Statistiswas established in 1968 to \enourage the development of a published literatureon statistial omputing" as the speialized needs of statistial omputing were\only partly met" by the algorithm setions of other journals [AS68℄. The urrentversion of detailed instrutions and other information for authors of AS Algorithms,�rst published in 1968, an be found in [RWGH87℄. All submissions adhere to astandard format and are refereed. A test program is required for the referee'suse. Addenda to previously published algorithms are aepted and are subjetedto the same refereeing proess as original algorithms. An index appears at theend of every volume. A umulative index of the �rst 251 AS Algorithms (1968{1989, with addenda) appears in [HM90a℄, organized aording to the GAMS sheme[BHK91℄. Correted and improved versions of seleted AS Algorithms appear in[GH85℄. Instrutions for obtaining AS Algorithms on omputer diskette an befound in issues of Applied Statistis starting in 1993.3.1.3. | CPC Programs. The journal Computer Physis Communiations was be-gun in 1969 to \failitate the exhange of physis programs and of relevant in-formation about the use of omputers in the physis ommunity". It publishesdesriptions of CPC Programs and, in addition, general papers on the omputa-tional aspets of physis and physial hemistry. Programs and their desriptionsare refereed.Program desriptions onsist of a Program Summary (a onise desription ina standard format with keywords) and a Long Write-Up (a detailed desriptionof the underlying physis and algorithms). A test program is required for eahCPC Program, and eah CPC Program is required to be well doumented and asportable and self-ontained as possible. An index of CPC Programs is printed atthe end of every volume. Two umulative indexes without Program Summaries[CPC87, CPC90℄ and one with Program Summaries [CPC84℄ exist. A more attra-tive alternative is the up-to-date umulative index, with Program Summaries, thatis aessible by eletroni mail8. All these indexes are organized aording to aphysis-oriented lassi�ation sheme.CPC Programs an be ordered individually or by subsription servie. Orderinginstrutions and an order form are printed in the bak of every issue of ComputerPhysis Communiations.8To get started with the umulative index, send the message \get p intro pindex" tolistral�earn-relay.a.uk, or see the instrutions printed in every issue of Computer PhysisCommuniations.



8 D. W. LOZIER AND F. W. J. OLVER3.2. Intermediate Libraries. Under this heading we plae software that is insome sense intermediate between software pakages, whih embody original researhontributions, and omprehensive libraries (x3.3 below). The libraries we on-sider here provide support only for mathematial funtions. Furthermore, they arelargely restrited to odi�ation of existing algorithms with all their advantages|and limitations.3.2.1. | Atlas for Computing Mathematial Funtions [Tho97℄. The purpose ofthis book with CD-ROM is to provide C or Fortran 90 soure ode for most ofthe funtions inluded in the NBS Handbook of Mathematial Funtions [AS64℄.It laims \most of the funtions are omputed : : : to an auray of at least 10deimal digits." The funtions are omputed for real variables only.3.2.2. | C Mathematial Funtion Handbook [Bak92℄. This volume with disketteis keyed to the NBS Handbook of Mathematial Funtions [AS64℄. Most haptersof the NBS Handbook have a ounterpart here in whih brief introdutory materialis followed by C ode listings. A omplex arithmeti pakage is inluded sineC supports only real and integer arithmeti. The author advoates the use ofC beause it \is rapidly beoming the lingua frana of the omputer world" and\algorithms written in C should be very portable". He has written two other bookson C programming for tehnial appliations.3.2.3. | Computation of Speial Funtions [ZJ96℄. This book with inluded disketteprovides Fortran 77 ode for most of the funtions in the NBS Handbook of Mathe-matial Funtions [AS64℄. For many of the funtions, odes are supplied for omplexas well as real arguments. In some ases omplex parameters are supported also.3.2.4. | Mathematial Funtion Library for Mirosoft Fortran or C [ULI90℄. Thesevolumes exist to \provide users with a omprehensive set of mathematial funtionroutines to assist them in solving their mathematial problems on IBM PC/XT/ATor ompatibles." Eah onsists of a looseleaf manual with diskettes. The doumen-tation for eah funtion gives usage instrutions, input range, auray, de�nitionof the funtion, algorithm, sample program and sample results. The funtions areevaluated only for real arguments. The diskettes ontain a ompiled library in mi-roproessor assembly ode for use with Mirosoft ompilers and the Fortran or Csoure ode for use with other ompilers.3.2.5. | Methods and Programs for Mathematial Funtions [Mos89℄. This volumewith separate diskette of C programs presents a seletion of speial funtions withreal arguments and integer or real parameters. The programs are designed for dou-ble preision, and tables of test results inluded for every funtion typially showabsolute or relative errors (whihever is appropriate) of the order of 10�16. Wherepolynomial or rational approximations are used, the expansion oeÆients were gen-erated in multiple preision using C programs that are given in the book. The pro-grams have been olleted under the heading \ephes" and are downloadable free-of-harge from Netlib; see http://gams.nist.gov/serve.gi/Pakage/CEPHES/.3.3. Comprehensive Libraries. When new algorithms are developed they tendto appear �rst as subroutines in software pakages (x3.1 above). Later they maybe assimilated into more omplete software produts suh as intermediate libraries(x3.2 above). Even more useful are omprehensive libraries that integrate evaluationof speial funtions with other essential elements of numerial omputing and o�er



NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 9additional advantages suh as uniform doumentation, style of usage, and handlingof error onditions. Corretions and improvements, partiularly in orienting theprogramming toward partiular omputer arhitetures, are often made.3.3.1. CERN Library. The European Laboratory for Partile Physis maintains aomprehensive software library [CER93℄, mostly in Fortran but with a few routinesin assembly language, in support of high-energy physis researh. The overageof speial funtions inludes the error funtion of real and omplex argument; theDawson and Fresnel integrals; exponential, sine, osine and artangent integrals; thegamma and digamma funtions of real and omplex argument; inomplete gammafuntion; real dilogarithm and omplex generalized polylogarithms; Bessel funtionsof real argument and orders 0, � 14 , � 13 , � 12 , � 23 , � 34 and 1; Bessel funtions ofreal order and real or omplex argument; Bessel funtions of omplex order andargument; zeros of the Bessel funtions J and Y and of their derivatives; Coulombwave funtions of omplex order, argument and parameter; omplete and inom-plete ellipti integrals; Jaobi's ellipti funtions (real and omplex); Jaobi's thetafuntions (real); Bose-Einstein and Fermi-Dira integrals ; Legendre and assoiatedLegendre funtions; onial funtions of the �rst kind; Struve funtions. The libraryis distributed, with some restritions, to organizations outside CERN.3.3.2. | IMSL Library. International Mathematial and Statistial Libraries wasinorporated in 1970 \with the intent of providing high-quality, supported Fortransubroutine libraries in mathematis and statistis" [Air84℄. In its �rst ten yearsit produed libraries tailored to twelve di�erent omputer lines, providing an al-ternative to manufaturer-supplied libraries. Currently the ompany o�ers a widerange of produts for large-sale sienti� omputing. At the enter of its produtline is the IMSL numerial subroutine library for mathematis and statistis, whihinludes an extensive overage of real and omplex speial funtions [IMS91℄ ; thisreferene inludes a GAMS index [BHK91℄ and a KWIC (keyword in ontext) index.The library is optimized, vetorized and parallelized where appropriate, dependingon the target omputer arhiteture, but it ontains no vetor or parallel supportfor speial funtions.A subset of the IMSL library is o�ered also as a C library. This is an essentialomponent of a powerful interative system (x3.4 below) whih has the apability ofproviding graphial and numerial omputing with very large data sets. Optionally,Maple (x3.4.3 below) an be inorporated to provide for symboli omputing.3.3.3. | Mathematial Software for the P.C. and Work Stations [WNO94℄. Thisbook desribes a library for sienti� omputing that was developed originally morethan 30 years ago in Japan. It has beome a standard omponent of omputer en-ters in Japanese universities and remains important beause its developers haveontinually provided modi�ations to keep abreast of advanes in omputers andnumerial analysis. Its overage of speial funtions inludes Bessel, gamma, in-omplete gamma and error funtions; exponential, Fresnel and omplete elliptiintegrals; and lassial orthogonal polynomials. The Bessel and gamma funtionsare supported for omplex as well as real arguments. The library routines areprovided on a diskette that omes with the book.3.3.4. | NAG Library. An overview of the development, struture and ontentsof the NAG Fortran library [NAG99℄ is given in [FP84℄. After originating as a



10 D. W. LOZIER AND F. W. J. OLVERooperative projet among several British omputing enters in 1970 with the pur-pose of providing \a balaned, general-purpose numerial algorithms library," theNumerial Algorithms Group formed a not-for-pro�t ompany in 1976 to providefor the wider distribution of the library. The library is organized around the ACMmodi�ation of the SHARE lassi�ation system (see x3.1.1 above) and is availablefor a wide ross-setion of omputing systems. A KWIC (keyword in ontext) in-dex and an index in the GAMS lassi�ation sheme [BHK91℄ are provided in thelibrary doumentation.Subsets of the full library are available in Ada, Algol 68, C, Fortran 90 andPasal. NAG is atively developing and marketing an interative system (x3.4below) that integrates most of the numerial power of the full NAG library withonline symboli and graphial apabilities.3.3.5. NSWC Library. In 1976 the Naval Surfae Warfare Center, Dahlgren, Vir-ginia, began development of \a [Fortran℄ library of general purpose subroutinesthat would provide a basi omputational ability in a variety of mathematial a-tivities" [Mor93℄. The design goals stressed reliability, transportability, eÆieny,ease of use, and generality. In 1993 the library ontained 576 user-level subroutines,inluding ones in real arithmeti for the error funtion and its inverse; Dawson'sintegral and Fresnel integrals; exponential, sine and osine integrals; gamma, psiand polygamma funtions; dilogarithm; inomplete gamma funtion and its inverse;inomplete beta funtion; omplete and inomplete ellipti integrals; Jaobi's andWeierstrass' ellipti funtions; Bessel funtions of real argument and order. It alsoontained Airy funtions and omplete ellipti integrals of omplex argument, andBessel funtions of omplex argument and integer or omplex order.3.3.6. NUMAL Library. In 1973 the Mathematish Centrum, Amsterdam, intro-dued this library of numerial proedures in Algol-60 with \ the aim : : : to pro-vide Algol-60 programmers with a high-level numerial library whih ontains aset of validated numerial proedures together with supporting doumentation"[Hem81℄. In 1979 it ontained approximately 430 subroutines, inluding ones forthe exponential, sine and osine integrals; gamma funtion; inomplete gamma andbeta funtions; error and inverse error funtions; Fresnel integrals; modi�ed andunmodi�ed Bessel funtions of integer, half-integer or real order; Airy funtions.All subroutines are for real variables.3.3.7. | Numerial Reipes. This partly pedagogial series of books o�ers \for eahtopi onsidered, a ertain amount of general disussion, a ertain amount of an-alytial mathematis, a ertain amount of disussion of algorithmis, and (mostimportant) atual implementations of these ideas in the form of working omputerroutines" [PTVF92℄. Besides being listed fully in the text, the omputer routinesare available for purhase under a variety of liensing arrangements, one of whih istailored to the needs of lassroom instrutors. Example books with test programsand diskettes are available also. Standard �elds of numerial omputation are ov-ered, with approximation of funtions and evaluation of speial funtions inluded.Exept for the hypergeometri funtion, the software applies to real variables only.The book is published in four versions with the software oded in Basi, C, Fortranor Pasal; another volume for Basi is [Spr91℄.



NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 113.3.8. NUMPAC Library. The Nagoya University Mathematial Pakage is usedwidely in Japan. It is a omprehensive Fortran library oriented toward Japaneseomputers, inluding vetor superomputers. Coverage inludes Airy funtions;error and inverse error funtions; Dawson and Fresnel integrals; exponential, sineand osine integrals; omplex gamma funtion; digamma funtion; dilogarithm;Riemann's zeta funtion; Bessel funtions of integer or real order and real or om-plex argument; zeros and integrals of Bessel funtions; omplete and inompleteellipti integrals; Jaobi's ellipti funtions; inomplete beta and gamma funtions;Legendre polynomials and assoiated Legendre funtions; lassial orthogonal poly-nomials; Struve funtions; Abramowitz, Debye and ellipti theta funtions; solu-tions of the Blasius and Thomas-Fermi equations. Information an be obtained inJapanese and partially in English at http://numpa.fuis.fukui-u.a.jp/.3.3.9. PORT Library. This library [FHS78b, Fox84℄ is mentioned here beause itprovides a framework [FHS78a℄ for onstruting portable Fortran libraries thathas proven its utility. The framework supplies omputer arithmeti parametersvia Fortran funtion alls. Algorithms are oded so as to be valid for a range ofvalues of the arithmeti parameters; atual values are substituted at run time. ThePORT framework is used, for example, in the SLATEC library (x3.3.10 below). Itis partiularly valuable in the speial funtion routines beause of their sensitivityto preision, underow and overow. The PORT framework is available as ACMAlgorithm 528 (x3.1.1 above).3.3.10. Sienti� Desk Library. C. Abai o�ers the following produts: (i) the Si-enti� Desk Library, a Fortran-based olletion of numerial software; (ii) the Si-enti� Desk Analysis System, an interative system (x3.4 below); (iii) softwareprodued by others, inluding the ACM algorithms (x3.1.1 above). The library isavailable in objet ode for personal omputers under a variety of Fortran ompil-ers and in Fortran soure ode for other omputers. The Analysis System, whihis strongly oriented toward statistis, simpli�es the programming burden and pro-vides for simple graphial output. C. Abai distributes the SPECFUN olletion[Cod93b℄ of Fortran programs for speial funtions and the ELEFUNT, INTFUNTand CELEFUNT tests [Cod93a, CW80℄ for elementary funtions. Inquire at C.Abai, In., P. O. Box 2626, Raleigh, NC 27602.3.3.11. | SLATEC Library. The aronym stands for Sandia, Los Alamos, Air ForeWeapons Laboratory Tehnial Exhange Committee9, formed in 1974 to \fosterthe exhange of tehnial information among the three omputing departments".In 1977 a subommittee undertook the development of a omplete, nonommerialFortran library for numerial superomputing [Buz84℄. The primary motivationwas that the suppliers of ommerial libraries regarded the superomputing marketas too small. The library subommittee admitted subsequently �ve additional U. S.Government agenies (the Lawrene Livermore, Oak Ridge and Sandia LivermoreNational Laboratories, the National Energy Superomputer Center at LawreneLivermore, and the National Institute of Standards and Tehnology). SLATEC Ver-sion 1.0 appeared in 1981. Version 4.0, the third major revision and expansion, wasreleased in Deember 1992. The initial overage of speial funtions oinided withFNLIB [Ful77℄, FUNPACK [Cod75, Cod84a℄ and AMOSLIB [AD79℄. Subroutinesfrom [ADW77a, ADW77b, Amo80a, Amo83a, Amo83b, Amo86, CN81, LS81, OS83℄9The Air Fore Weapons Laboratory has been renamed the Phillips Laboratory.



12 D. W. LOZIER AND F. W. J. OLVERwere added later. Available from Energy Siene and Tehnology Center, P. O. Box1020, Oak Ridge, TN 37831 and from http://gams.nist.gov/.3.4. Interative Systems. The software pakages and libraries onsidered in thepreeding three setions are used in onjuntion with standard programming lan-guages. These languages are not fully interative. A program needs to be written,ompiled and linked to libraries before it an be exeuted, and after the results areexamined the yle may need to be repeated to orret errors or hange parameters.An interative system provides a powerful set of ommands whih the user an enterat the keyboard. The response to eah ommand is displayed immediately. Theburden of programming and the ompile-link-exeute yle is redued. Program-ming in an interative system serves a new purpose: to extend or ustomize theommand set.A striking harateristi of interative systems is their ability to integrate non-numerial tasks with numerial omputation. Graphial and symboli omputingwork best in an interative environment, and one or both are ombined powerfullywith numerial omputing in ommerially available interative systems. The trendtoward inreased integration of these omputational omponents is being reognizedby reent developments of the IMSL, NAG and Sienti� Desk libraries (xx3.3.2,3.3.4 and 3.3.10 above).A partiular type of interative system with a speial apability for the numerialevaluation of speial funtions is the omputer algebra system, developed to providesymboli proessing of mathematial formulas and intended, primarily, to assistin mathematial developments. These systems ontain basi mathematial infor-mation that enables them to manipulate algebrai expressions, make substitutions,di�erentiate and integrate funtions, solve algebrai, transendental and di�erentialequations, manipulate power series, and the like. Some knowledge of mathematialproperties of speial funtions is built in, and more an be added by programmingextensions to the ommand set. Numerial approximations are to be avoided, inkeeping with the primary purpose of supporting exat mathematial developments,but oating-point omputation is provided as a seondary apability. This oftenomes with a bonus when ompared to the usual programming languages whihsimply use the hardware omputer arithmeti: the preision an be set arbitrarily.The rationale for arbitrary preision is not entirely lear. It is lear that exatrational arithmeti is essential in omputer algebra appliations. Perhaps multiple-preision oating-point, being relatively easy to implement, is onsidered a worth-while additional apability. Also, evaluation of symboli expressions may requirehigh preision beause of numerial sensitivity. Whatever the reason, for oasionalusage of arbitrary-preision oating-point, omputer algebra systems are well worthonsidering.3.4.1. HiQ (Apple Maintosh, Sun). This system [Bim93℄ approahes the goal ofreduing the need to write programs by making onentrated use of the graphialuser interfae (the image displays and ontrols assoiated with the omputer sreen).The system opens with a blank worksheet (in a window on the sreen) and an arrayof ions. Eah ion orresponds to a partiular kind of task.For example, one ion is alled the \expression evaluator". When ativated bythe mouse, this ion presents a window with three areas. An algebrai expressionis entered into the input area in a onventional programming-language syntax (likeFortran). This expression an ontain numbers, symbols representing numbers, and



NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 13symbols representing built-in HiQ funtions. The symbols representing numbersare assigned numerial values in the options area as onstants or �nite arithmetialsequenes. Output ions are generated in the output area when the \run button"(another ion) is \pushed" by liking the mouse. The output ions, when ativated,display tables and graphs of the omputed data.Other tasks that an be performed by similar sequenes of manipulations withions are numerial integration, optimization, data �tting, �nding roots of poly-nomials and nonlinear funtions of one variable, and solving nonlinear systems,integral equations, and initial-value and boundary-value problems in ordinary dif-ferential equations.Speial funtions inluded in HiQ are Airy funtions; beta, gamma, log gamma,psi, inomplete beta, inomplete gamma, and omplementary inomplete gammafuntions; Kelvin funtions; Bessel funtions of integer and half-integer order;Struve and Weber paraboli ylinder funtions; hypergeometri funtion and se-ries; onuent hypergeometri funtion and series; Riemann zeta funtion. Al-though HiQ performs omplex arithmeti, most if not all the speial funtions areevaluated for real arguments only.3.4.2. Masyma. Masyma [Sym92℄ is a omputer algebra system that supportssymboli, graphial and numerial omputing on personal omputers, sienti�workstations and mainframes. Its built-in apabilities an be extended by pro-gramming in either Lisp or an Algol-like proedural language.Masyma avoids numerial approximations unless oating-point numbers areintrodued, either expliitly or as the result of speial ommands. Floating-pointnumbers are represented internally in mahine single preision, mahine doublepreision, or software arbitrary preision. When arbitrary preision is being usedthere is a preision spei�er. Operand preisions are adjusted, if neessary, to thespei�ed operational preision by trunating or extending with zero digits beforearithmeti operations are performed. The preision spei�er an be hanged at anytime.Masyma supports the numerial evaluation of ellipti, error, gamma, poly-gamma, polylogarithmi and zeta funtions; Airy, Bessel and Legendre funtions;omplete ellipti integrals and the exponential integral; lassial orthogonal polyno-mials. Only the gamma, polygamma and Riemann zeta funtions are omputablein arbitrary preision. Some of the other funtions are restrited to single preision.Complex arguments are allowed for the error, gamma and Bessel funtions.3.4.3. | Maple. Maple 6 is a omputer algebra system ontaining symboli, nu-merial and graphial apabilities; see http://www.maplesoft.om/. It is availablefor a wide range of omputers, from personal omputers and Unix workstations tovetor superomputers. The normal mode of operation is interative. A Pasal-likeprogramming language, alled the Maple language, is provided also. Muh of theMaple system is programmed in this language. This part, alled the Maple Library,an be viewed on the sreen or printed, and serves as useful supplementary do-umentation or as a guide for the preparation of additional library modules. Theore of Maple, written in the C programming language, is not normally aessibleto users.Beause of its emphasis on symboli omputing, Maple avoids any evaluationwhih would introdue an inexat result unless the user spei�ally requests it. Ex-pressions are evaluated symbolially, with numbers rendered as rational frations



14 D. W. LOZIER AND F. W. J. OLVERwith arbitrarily long numerators and denominators or represented as symbols. Theuser an request oating-point evaluation to arbitrary preision. For mathematialfuntions, Maple detets ertain speial values and an make appropriate substitu-tions. Otherwise the funtions are left as symboli representations until the userexpliitly requests their evaluation in oating-point format. These evaluations, ifthey an be done at all, are to the preision spei�ed by the user.3.4.4. Mathad (PC with Mirosoft Windows). This system [Mat93a℄ is orientedtoward the engineering professions but is useful also in eduational, mathematial,sienti� and statistial appliations. Mathad an be regarded as an editor andalulator that an be used to reate omplete douments. These douments aninlude graphis, ordinary text, and mathematial text resulting from input om-mands and their assoiated numerial or symboli output. Commands are seletedfrom an extensive array of ions (similar to HiQ, x3.4.1 above) or they an be ati-vated by appropriate keystrokes. Numerial ommands support real and omplexomputations with salars, vetors and matries; numerial di�erentiation and inte-gration ; solution of algebrai equations; onstrained and unonstrained minimiza-tion; Fourier transforms; statistial operations. Symboli ommands are supportedby a subset of Maple (x3.4.3 above). Coverage of speial funtions inludes error,gamma and polylogarithmi funtions; sine, osine and Fresnel integrals; Besselfuntions of integer order. Exept for the gamma funtion, all arguments must bereal.3.4.5. |Mathematia. Mathematia [Wol99℄ is a omputer algebra system for sym-boli, graphial and numerial omputing on personal omputers, sienti� work-stations, and larger omputers. It has extensive support for speial funtions. Ahighly developed user interfae, available on some of this hardware, integrates Math-ematia output with ordinary text for the preparation of omplete douments en-tirely within the Mathematia system. A programming language, based on patternmathing, is inluded and an be used for extending the apabilities of the system.As with other omputer algebra systems, Mathematia uses oating-point num-bers only when requested expliitly. If numbers are introdued with no more sig-ni�ant �gures than the preision of the mahine oating-point system, and if themahine underow and overow limits are not exeeded, then omputations pro-eed in hardware oating-point arithmeti. On the other hand, numbers that arenot mahine-representable are stored in a software oating-point format. Eah suhnumber is tagged with its own preision, and omputations are performed in soft-ware oating-point arithmeti. The preision of nonmahine numbers is arbitrarybut the internal representation is set to the highest justi�able preision. This isdetermined by the number of signi�ant �gures in an input number and by thepreision of the operands or arguments in arithmeti operations and funtion eval-uations. If numbers in a hardware omputation underow or overow, then thesoftware arithmeti takes over automatially.3.4.6. Matlab. This system [Mat92℄ uses matrix notation to provide a built-in set ofommands for standard algorithms of numerial omputation. A graphis apabilityis inluded also. Additional ommands an be oded in onise proedures usingMatlab notation. Symboli omputing is supported through a reently introduedoption using Maple (x3.4.3 above). Matlab runs on a broad range of omputersfrom personal omputers and sienti� workstations to vetor superomputers. One



NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 15of its strengths is that it treats omplex arithmeti as the natural extension ofreal arithmeti: variables do not have a �xed real or omplex type as in Fortran.Nevertheless, Matlab's overage of omplex funtions is limited. It supports Besselfuntions of real order and omplex argument z but warns in the online help systemthat the funtions \may produe inaurate results" for large order and jzj. Built-inspeial funtions for real arguments and parameters inlude error and inverse errorfuntions; gamma funtion; inomplete gamma and beta funtions; Bessel funtionsI, J, K and Y; omplete ellipti integrals; Jaobi's ellipti funtions.4. Funtions of One VariableIn the referenes that follow an indiation is made of the programming languagewhere appliable. Also, speial note is made of referenes that inlude surveys.Libraries and interative systems are listed separately.In the subsetions of x4 and x5, a library or interative system is listed onlyif it employs an algorithm tailored to the restritions of the subsetion. For ex-ample, NAG is listed in x4.1.1 and x4.1.2 beause it has separate apabilities forAiry funtions of real and omplex argument. Mathematia is listed only in x4.1.2beause it does not use a restrited algorithm for real arguments. Beause thesedistintions are sometimes diÆult to infer from software doumentation and even,when available, from soure ode, they should be regarded only as a guide, both inx4 and x5.4.1. Airy Funtions. This setion inludes Sorer's funtions.4.1.1. Real Arguments. [Ma94a℄, [Ma96a, Fortran℄, [N�em92℄, [Pri75, Fortran℄,[RS81℄. Libraries: [Bak92℄, [Mos89℄, [Tho97℄, [ULI90℄, [ZJ96℄, IMSL, NAG, Nu-merial Reipes, SLATEC.4.1.2. Complex Arguments. [Amo86, Fortran℄, [CJR92, Fortran℄. Libraries: NAG,SLATEC. Systems: Maple, Mathematia.4.1.3. Artiles. [CCF83℄, [Gor69℄, [Lee80℄, [LO93℄, [Moo81℄, [SAG79℄, [VRZG96℄.4.2. Error Funtions, Dawson's Integral, Fresnel Integrals, Goodwin-Staton Integral.4.2.1. Error Funtions of Real Argument. [Ada69, Algol℄, [Cle62℄, [CMW63, Algol℄,[Cod69℄, [Cod90a, Fortran℄, [CT85, Fortran℄, [Hil73, Fortran℄, [Luk69b℄, [Luk75℄,[N�em92℄, [Sh78℄, [SL81℄, [SZ70, Fortran℄, [Tem94b, Pasal℄. Libraries: [Bak92℄,[Mos89℄, [Tho97℄, [ULI90℄, [WNO94℄, [ZJ96℄, IMSL, NAG, Numerial Reipes,SLATEC.4.2.2. Inverse Error Funtions of Real Argument. [BEJ76℄, [Cun69, Fortran℄, [HD73,Algol℄. Libraries: [Mos89℄, [ULI90℄, [WNO94℄, IMSL, NAG.4.2.3. Integrals of the Error Funtion. [Gau77a, Fortran℄, [Woo67℄. Libraries: [Bak92℄.Systems: Maple.4.2.4. Dawson's Integral of Real Argument. [CPT70℄, [Hum64℄, [Let97℄, [N�em92℄,[Ryb89, Fortran℄. Libraries: [Bak92℄, [Mos89℄, [Tho97℄, [ULI90℄, IMSL, NAG,Numerial Reipes, SLATEC.



16 D. W. LOZIER AND F. W. J. OLVER4.2.5. Fresnel Integrals of Real Argument. [Bul67, Algol℄, [Boe60℄, [Cod68℄, [Hea85℄,[LG64, Algol℄, [Luk69b℄, [Luk75℄, [N�em65℄, [Sny93, Fortran℄. Libraries: [Bak92℄,[Mos89℄, [Tho97℄, [ULI90℄, [WNO94℄, [ZJ96℄, IMSL, NAG, Numerial Reipes.4.2.6. Complex Arguments. [Gau69a, Algol℄, [Luk69b℄, [Lyn93, Fortran℄, [PW90a,Fortran℄, [SZ81, Fortran℄. Libraries: [Bak92℄, [ZJ96℄, IMSL, NAG. Systems:Maple, Mathematia.4.2.7. Goodwin-Staton Integral. [Ma96a, Fortran℄.4.2.8. Artiles. [BR71℄, [Cod90b, inludes survey℄, [Col87a℄, [Fle68℄, [Gau70℄, [Gau77b℄,[Hen79℄, [HR72℄, [Let98℄, [LW90℄, [LW91℄, [MC74℄, [Mor83℄, [MR71℄, [PW90b℄,[Str68℄, [vdLT84℄, [Wei94a, inludes survey℄, [Wei94b℄.4.3. Exponential Integrals, Logarithmi Integral, Sine and Cosine Inte-grals.4.3.1. Exponential Integrals of Real Argument. [Amo80a, Fortran℄, [Cle62℄, [CMW63,Algol℄, [CT69℄, [Gau73, Algol℄, [Luk69b℄, [Luk76℄, [Pa70, Fortran℄, [SZ76, Fortran℄.Libraries: [Bak92℄, [Mos89℄, [Tho97℄, [ULI90℄, [WNO94℄, [ZJ96℄, IMSL, NAG,Numerial Reipes, SLATEC.4.3.2. Logarithmi Integral of Real Argument. Libraries: [Bak92℄, [Tho97℄, [ULI90℄,IMSL, SLATEC. Systems: Maple.4.3.3. Sine and Cosine Integrals and Hyperboli Sine and Cosine Integrals of RealArgument. [Bul67, Algol℄, [Luk69b℄, [Ma96b, Fortran℄. Libraries: [Bak92℄, [Mos89℄,[Tho97℄, [ULI90℄, [WNO94℄, [ZJ96℄, IMSL, NAG, Numerial Reipes.4.3.4. Complex Arguments. [Amo90a, Fortran℄, [Luk69b℄. Libraries: [Bak92℄, [ZJ96℄.Systems: Maple, Mathematia.4.3.5. Artiles. [Amo80b℄, [Amo90b℄, [CT68℄, [TM68℄, [vdLT84℄.4.4. Gamma, Psi, and Polygamma Funtions.4.4.1. Gamma Funtion of Real Argument. [BZ92℄, [CH67℄, [Cle62℄, [CMW63, Al-gol℄, [CT85, Fortran℄, [FS67, Algol℄, [Luk69b℄, [Luk75℄, [Ma89, Fortran℄, [N�em92℄,[Tem94b, Pasal℄. Libraries: [Bak92℄, [Mos89℄, [Tho97℄, [ULI90℄, [WNO94℄, [ZJ96℄,IMSL, NAG, Numerial Reipes, SLATEC.4.4.2. Psi and Polygamma Funtions of Real Argument. [Amo83b, Fortran℄, [Bow84,Fortran℄, [CST73℄, [Luk69b℄, [Luk75℄. Libraries: [Bak92℄, [Mos89℄, [Tho97℄, [ULI90℄,[ZJ96℄, IMSL, NAG, SLATEC.4.4.3. Complex Arguments. [BD80, Fortran℄, [K�ol72a, Fortran℄, [Kon96, C℄, [Kuk72a,Fortran℄, [Luk69b℄. Libraries: [Bak92℄, [WNO94℄, [ZJ96℄, IMSL, SLATEC. Sys-tems: Maple, Mathematia.4.4.4. Artiles. [AB87b℄, [Bri95℄, [Cha80℄, [Cod91, inludes survey℄, [FW80℄, [Kat78℄,[Kr�a90℄, [Kuk72b℄, [Luk70a℄, [MC81℄, [Ng75, inludes survey℄, [Spo94℄, [vdLT84℄.4.5. Landau Density and Distribution Funtions.4.5.1. Real Variables. [KS84d, Fortran℄, [Sh74, Fortran℄.4.6. Polylogarithms, Clausen Integral.



NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 174.6.1. Dilogarithms. [GZ75, Fortran℄, [Luk75℄. Libraries: [Bak92℄, [Mos89℄, [Tho97℄,IMSL, SLATEC. Systems: Maple.4.6.2. Higher Polylogarithms. Libraries: [Bak92℄, [Tho97℄. Systems: Maple,Mathematia.4.6.3. Clausen Integral. [K�ol95℄, [Ma96a, Fortran℄. Libraries: [Tho97℄.4.6.4. Artiles. [GT81℄, [JL72℄, [Mor79℄, [OPP95℄.4.7. Zeta Funtion.4.7.1. Real Arguments. [CHT71℄, [Luk69b℄, [Mar65, Algol℄, [PB72℄. Libraries: [Bak92℄,[Mos89℄, [Tho97℄.4.7.2. Complex Arguments. [BD80, Fortran℄, [YKK88, Fortran℄. Systems: Maple,Mathematia.4.7.3. Artiles. [AB89℄, [EKK85℄, [Ker80, inludes survey℄.4.8. Additional Funtions of One Variable.4.8.1. Lambert Funtion (W{Funtion). [BBC95, Fortran℄. Systems: Maple,Mathematia.4.8.2. Artiles. [BCB95℄.5. Funtions of Two or More VariablesAs in x4, an indiation is made of the programming language where appliableand speial note is made of referenes that inlude surveys. Libraries and interativesystems are listed separately, and similar remarks apply about the inlusiveness ofthe subsetions.5.1. Bessel Funtions. All of the following subsetions apply to the ordinaryBessel funtions (J and Y ) and the modi�ed Bessel funtions (I and K).5.1.1. Orders 0 and 1, Real Arguments. [Bla74℄, [BS92, Fortran℄, [Cle62℄, [Hil81,Fortran℄, [Luk69b℄, [Luk75℄, [WBR82℄. Libraries: [Bak92℄, [Mos89℄, [ZJ96℄, IMSL,NAG, Numerial Reipes, SLATEC.5.1.2. Integer or Half-Integer Orders, Real Arguments. This subsetion inludesspherial Bessel funtions. [AM61℄, [AM78, Fortran℄, [BZ95, Fortran℄, [Col80, For-tran℄, [Hil81, Fortran℄, [MM90℄, [PB82℄, [RF93, Fortran℄, [SFR97, Fortran℄. Li-braries: [Bak92℄, [Mos89℄, [Tho97℄, [ULI90℄, [WNO94℄, [ZJ96℄, IMSL, NumerialReipes.5.1.3. Real Orders, Real Arguments. [ADW77a, Fortran℄, [Bar82b, Fortran℄, [Cam79,Fortran℄, [Cod83, Fortran℄, [CP66℄, [Luk69b℄, [Luk71a℄, [Luk71b℄, [Luk72a℄, [Luk75℄,[Mat93b, Fortran℄, [N�em92℄, [Pie84b, Fortran℄, [Tem75, Algol℄, [Tem76, Algol℄. Li-braries: [Mos89℄, [ULI90℄, [WNO94℄, [ZJ96℄, IMSL,Numerial Reipes, SLATEC.5.1.4. Integer or Half-Integer Orders, Complex Arguments. This subsetion inludesKelvin funtions. [BKN88a, Fortran℄, [BKN88b, Fortran℄, [Bur63℄, [CM83℄, [dT93℄,[Mas83, Fortran℄, [N�em92℄. Libraries: [Bak92℄, [Tho97℄, [ULI90℄, [WNO94℄, [ZJ96℄,IMSL, NAG.



18 D. W. LOZIER AND F. W. J. OLVER5.1.5. Imaginary Orders, Real Arguments. [PA99℄.5.1.6. Real Orders, Complex Arguments. This subsetion inludes Hankel fun-tions. [Amo86, Fortran℄, [Cam81, Fortran℄, [Luk69b℄, [Luk75℄, [TB87, Fortran℄.Libraries: [ZJ96℄, IMSL, NAG, SLATEC.5.1.7. Complex Orders, Complex Arguments. [TB85, Fortran℄. Systems: Maple,Mathematia.5.1.8. Integrals of Bessel Funtions. [Amo83a, Fortran℄, [And82a, Fortran℄, [BEJ78℄,[Cha83, Fortran℄, [Feu91, Fortran℄, [GP64℄, [Lem97, Fortran℄, [Ma96a, Fortran℄,[N�em92℄, [PB84, Fortran℄, [Pie82, Fortran℄, [SZ79, Fortran℄, [Tal83, Fortran℄, [Wie99,Fortran℄. Libraries: [Bak92℄, [ZJ96℄, SLATEC.5.1.9. Zeros of Bessel Funtions. [Cam84, Fortran℄, [KRVZ98, Fortran℄, [Let96℄,[N�em92℄, [Pie84a℄, [Pie90, Fortran℄, [Tem79, Algol℄, [VRS+95, Fortran℄. Libraries:[Bak92℄. [ZJ96℄,5.1.10. Artiles|Funtions. [Ah86℄, [ADW77b℄, [Amo74℄, [Bar81a℄, [BGV93℄, [BL96℄,[Cam80℄, [CF87℄, [CMF77℄, [Cod80, inludes survey℄, [Col87b℄, [CS89, inludessurvey℄, [Gau91b℄, [GB87℄, [GS78℄, [Hit68℄, [Jab94℄, [KS84b℄, [Luk72b℄, [Luk77b℄,[Ma94b℄, [Mat93b℄, [Nes84℄, [OS72℄, [Rem73℄, [SJ96℄, [TB86℄, [VGK+91℄, [Wal84℄,[WC90℄, [WFQ92℄, [YM97℄, [YN74℄, [Yos92℄, [ZB95℄, [ZB97℄, [Zha95℄, [Zha96a℄,[Zha96b℄.5.1.11. Artiles|Integrals. [Amo83℄, [And82b℄, [BFST86℄, [BGV93℄, [BP96℄, [Cam95℄,[Can81℄, [Chr90℄, [Cof91℄, [Cor72℄, [DK90℄, [Ehr95℄, [Gab79℄, [Gab80℄, [GM81℄,[Gue94℄, [Han85℄, [IKJ95℄, [Joh75℄, [Lew91℄, [Lin72℄, [LK73℄, [LPM81℄, [LS95℄,[Lu95℄, [Lun85℄, [MDS92℄, [Moo83℄, [OFM78℄, [PB82℄, [PB83℄, [PB85, inludessurvey℄, [PDL93℄, [Puo88℄, [SBK92℄, [Se99℄, [Sid97℄, [Sie77℄, [vVNZ94℄, [ZK95℄.5.1.12. Artiles|Zeros. [CH70a℄, [IKF91℄, [IKF+93℄, [KS84a℄, [KS84℄, [KS85a℄,[KS85b℄, [KS85℄, [KS87℄, [Let96℄, [Ma97℄, [MF86℄, [Seg98℄, [Sko85℄, [VGRZ97℄,[VRS+97℄, [ZGRV96℄.5.2. Coulomb Wave Funtions.5.2.1. Real Arguments and Parameters. [Bar76, Fortran℄, [Bar81b, Fortran℄, [Bar82b,Fortran℄, [BDG+72, Fortran℄, [BS80, Fortran℄, [CH70b℄, [CT94, Fortran℄, [HN97b,Fortran℄, [NT84, Fortran℄, [Sea82, Fortran℄, [She74℄. Libraries: [Bak92℄, [Tho97℄.5.2.2. Complex Arguments and Parameters. [TB85, Fortran℄, [TR69, Fortran℄.5.2.3. Artiles. [AS92℄, [Bar81a℄, [Bar82a℄, [Bar82℄, [Gau69b℄, [HN97a℄, [K�ol72b,inludes survey℄, [MBF94℄, [Nes84℄, [Pex70℄, [SG72℄, [TB86℄.5.3. Ellipti Integrals and Funtions. An important reent hange in the oldsubjet of ellipti integrals is a renormalization of the de�nitions of the integrals.This is due to B. C. Carlson: referenes will be found in x5.3.5.5.3.1. Complete Ellipti Integrals. [Bel88℄, [Bul65a, Algol℄, [Bul65b, Algol℄, [Bul69b,Algol℄, [Cod65a℄, [Cod65b℄, [DR94a, Fortran℄, [Luk69b℄, [MH73, Algol℄. Libraries:[Bak92℄, [Mos89℄, [ULI90℄, [WNO94℄, [ZJ96℄, IMSL, Numerial Reipes. Sys-tems: Maple, Mathematia.



NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 195.3.2. Inomplete Ellipti Integrals. [Bul65a, Algol℄, [Bul69b, Algol℄, [Car87, For-tran℄, [Car88, Fortran℄, [CN81, Fortran℄, [Luk69b℄, [PT90, Fortran℄. Libraries:[Bak92℄, [Mos89℄, [Tho97℄, [ULI90℄, [ZJ96℄, IMSL, NAG, Numerial Reipes,SLATEC. Systems: Maple, Mathematia.5.3.3. Jaobi's Ellipti Funtions. This subsetion inludes the theta funtions.[Bul65a, Algol℄. Libraries: [Bak92℄, [Tho97℄, [Mos89℄, [ULI90℄, [ZJ96℄, IMSL,NAG,Numerial Reipes. Systems: Maple (inludes inverse funtions),Math-ematia (inludes inverse funtions).5.3.4. Weierstrass' Ellipti Funtions. This subsetion inludes modular funtions.[Ek76℄, [Ek77℄, [Ek80, Fortran℄. Libraries: [Bak92℄, [ULI90℄, IMSL. Systems:Maple, Mathematia.5.3.5. Artiles. [ACJP85, inludes survey℄, [Bul69a℄, [Car65℄, [Car77a℄, [Car77b℄,[Car79℄, [Car87℄, [Car88℄, [Car89℄, [Car91℄, [Car92℄, [Car95℄, [CGL90℄, [Cri89℄,[DR94b℄, [FGG82℄, [FI94℄, [FL67℄, [Kin88℄, [Lee90℄, [Lee92℄, [Luk68℄, [Luk69b℄,[Luk70b℄, [LY88℄, [MH73, Algol℄, [Mid75℄, [Mor99℄, [NC66℄, [PDK96℄, [Sal89℄, [War60℄.5.4. Fermi-Dira, Bose-Einstein, and Debye Integrals. This setion inludesthe Lerh transendent.5.4.1. Real Parameter and Argument. [BDM81, Fortran℄, [CT67℄, [FR86, Fortran℄,[Goa95, Fortran℄, [Ma96a, Fortran℄, [Ma98, Fortran℄, [NDT69℄. Libraries: [Bak92℄,[Tho97℄.5.4.2. Complex Argument and/or Parameters. Systems: Maple, Mathematia.5.4.3. Artiles. [Bui91℄, [Gau93a℄, [Gau93℄, [LS91℄, [MN97℄, [NM93℄, [Pas88℄, [Pas91℄,[Pi89℄, [Sag91a℄, [Sag91b℄.5.5. Hypergeometri and Conuent Hypergeometri Funtions.5.5.1. Hypergeometri Funtions. [For97, Fortran℄, [Hsu93, Fortran℄. Libraries:[Bak92℄, [Kha97℄, [Mos89℄, [Tho97℄, [ULI90℄, [ZJ96℄, Numerial Reipes. Sys-tems: Mathematia.5.5.2. Conuent Hypergeometri Funtions. [BS80, Fortran℄, [NPB92a, Fortran℄,[NT84, Fortran℄, [Tem83, Algol℄, [Yos95℄. Libraries: [Bak92℄, [Mos89℄, [Tho97℄,[ULI90℄, [ZJ96℄, SLATEC. Systems: Maple, Mathematia.5.5.3. Other Hypergeometri Funtions. [CM84, Pasal℄, [N�em92, Fortran℄, [PBN93℄,[RP96, Fortran℄. Libraries: [Bak92℄, [Mos89℄. Systems: Maple, Mathematia.5.5.4. Artiles. [AB91℄, [BMOF92℄, [CG89℄, [CLM97℄, [dIVPM95℄, [Kal92℄, [Luk75℄,[Luk77a℄, [MF94℄, [Mor96℄, [N�em92℄, [NPB92b℄, [Pas95℄, [Wim74℄.5.6. Inomplete Bessel Funtions, Inomplete Beta Funtion. This setioninludes F{, t{ and von Mises' distribution funtions.5.6.1. Inomplete Bessel Funtions. [Hil77, Fortran℄.5.6.2. Inomplete Beta Funtion. [CS97, Fortran℄, [DM92, Fortran℄, [Dor68, Algol℄,[Gau64, Algol℄, [Hil70a, Algol℄, [Lev69, Fortran℄, [MB73a, Fortran℄, [Mor69, Algol℄,[Phi90, Basi℄. Libraries: [Bak92℄, [Tho97℄, [Mos89℄, [ULI90℄, [ZJ96℄, IMSL,NAG,Numerial Reipes, SLATEC. Systems: Maple, Mathematia.



20 D. W. LOZIER AND F. W. J. OLVER5.6.3. Inverse Inomplete Beta Funtion. [AS93a, Fortran℄, [Hil70b, Algol℄, [MB73b℄.Libraries: [Mos89℄, [ULI90℄, IMSL, NAG. Systems: Maple, Mathematia.5.6.4. Artiles. [AS93b℄, [DJ67℄, [OM68℄, [Tem92b℄.5.7. Inomplete Gamma Funtions, Generalized Exponential Integrals.These funtions are essentially equivalent; thus Ep(z) = zp�1�(1�p; z):This setioninludes the hi-square distribution funtion.5.7.1. Real z and Integer or Half-Integer p. [Amo80a, Fortran℄, [FO94℄, [SP75,Fortran℄, [SZ74, Fortran℄. Libraries: [Mos89℄, [Tho97℄, [ULI90℄, [ZJ96℄, IMSL,SLATEC. Systems: Maple.5.7.2. Real z and Real p. [CLM90a, Fortran℄, [CLM90b, Fortran℄, [DM87, Fortran℄,[Ful72, Fortran℄, [Gau79a, Fortran℄, [Moo82, Fortran℄, [She88, Fortran℄, [Tem94b,Pasal℄. Libraries: [Bak92℄, [Mos89℄, [Tho97℄, [ULI90℄, [WNO94℄, [ZJ96℄, IMSL,NAG, Numerial Reipes, SLATEC. Systems: Maple.5.7.3. Complex z and Real or Complex p. Systems: Maple, Mathematia.5.7.4. Inverse Funtion. [DM87, Fortran℄, [Phi88, Fortran℄. Libraries: [Mos89℄,[ULI90℄, IMSL, NAG. Systems: Maple, Mathematia.5.7.5. Artiles. [AB87a℄, [Amo80b℄, [Bar61℄, [CLM87℄, [CLM88℄, [CLM90℄, [�CP98℄,[DM86℄, [Gau79b℄, [Gau99℄, [JT85℄, [LDP93℄, [Luk75℄, [Mar82℄, [Tem85℄, [Tem87℄,[Tem92a℄, [Tem94a℄, [Tem95℄.5.8. Legendre Funtions and Assoiated Legendre Funtions. This setioninludes the onial and toroidal funtions. See also hypergeometri funtions (x5.5)and orthogonal polynomials (x5.10).5.8.1. Real Argument and Parameters. [Bra73, Fortran℄, [Del79, Fortran℄, [Gau65,Algol℄, [GS97, Fortran℄, [GS98, Fortran℄, [LS81, Fortran℄, [OS83, Fortran℄. Li-braries: [Bak92℄, [Tho97℄, [ZJ96℄, Numerial Reipes, SLATEC.5.8.2. Conial Funtions. [K�ol81℄. Libraries: [Bak92℄. [Tho97℄.5.8.3. Complex Argument and/or Parameters. [GS98, Fortran℄. Libraries: [Bak92℄.Systems: Maple, Mathematia.5.8.4. Artiles. [CM78℄, [CM79℄, [EWB84℄, [Fet70℄, [Hun95℄, [LW95℄, [SOL81℄.5.9. Mathieu, Lam�e, and Spheroidal Wave Funtions.5.9.1. Charateristi Values of Mathieu's Equation. [Cle69, Fortran℄, [Del73, Al-gol℄, [Lee79, Fortran℄, [RL80, Fortran℄, [Shi93a, Fortran℄. Libraries: [Bak92℄, [ZJ96℄,IMSL. Systems: Mathematia.5.9.2. Mathieu Funtions. [Cle69, Fortran℄, [Del73, Algol℄, [RL80, Fortran℄, [Shi93a,Fortran℄. Libraries: [Bak92℄, [ZJ96℄, IMSL. Systems: Mathematia.5.9.3. Spheroidal Wave Funtions. [BC83a, Fortran℄, [BC83b, Fortran℄, [KBH70,Fortran℄, [KvB70, Fortran℄, [vBBH70, Fortran℄. Libraries: [Bak92℄, [Tho97℄, [ZJ96℄.5.9.4. Artiles. [ADK+84℄, [ADKL89℄, [ADKL91℄, [Alh96, inludes survey℄, [ATZ83℄,[Bla46℄, [Cal88℄, [Can71℄, [DNM96℄, [DR98℄, [Egl84℄, [EP69℄, [Hod70℄, [LF94℄, [Liu96℄,[Pal69℄, [Shi93b℄, [SM75℄, [TP83℄, [vBBHK72℄, [VGK+92℄.



NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 215.10. Orthogonal Polynomials. See also hypergeometri funtions (x5.5), Le-gendre funtions (x5.8), and Weber paraboli ylinder funtions (x5.13).5.10.1. Classial Polynomials (Chebyshev, Hermite, Jaobi, Laguerre, Legendre et.),Real Arguments. [LPT80, Fortran℄, [Sim64, Algol℄, [Wit68, Fortran℄. Libraries:[Bak92℄, [Tho97℄, [ULI90℄, [WNO94℄, [ZJ96℄.5.10.2. Classial Polynomials, Complex Arguments. Systems: Maple,Mathematia.5.10.3. Other Orthogonal Polynomials. [Bis91, Maple℄, [Coo68, Fortran℄, [EK92℄,[Gau94, Fortran℄, [ �Opi87, Fortran℄.5.10.4. Artiles. [BEGG91℄, [BR91℄, [Chi92℄, [Cra94℄, [CS93℄, [FG91℄, [FG92℄, [Gau82℄,[Gau85℄, [Gau90℄, [Gau91a℄, [Gau93b℄, [GZ95℄, [Luk75℄, [PA92℄, [Ren96℄, [Upo92℄,[WMC97℄.5.11. Polylogarithms (Generalized).5.11.1. Real Variables. [KMR70, Algol℄. Systems: Mathematia.5.11.2. Artiles. [Bar74℄, [Pas95℄.5.12. Struve and Anger-Weber Funtions.5.12.1. Struve Funtions or Integrals of Struve Funtions. [Luk69b℄, [Luk75℄, [Ma93℄,[Ma96a, Fortran℄, [New84℄. Libraries: [Bak92℄, [Mos89℄, [Tho97℄, [ULI90℄, [ZJ96℄.Systems: Maple, Mathematia.5.12.2. Anger-Weber Funtions. Libraries: [Tho97℄. Systems: Maple.5.12.3. Integrals of Anger-Weber Funtions. Libraries: [Bak92℄.5.12.4. Artiles. [Zan75℄.5.13. Weber Paraboli Cylinder Funtions. See also onuent hypergeometrifuntions (x5.5).5.13.1. Real Arguments and Parameters. [SG98, Fortran℄, [Tau92, Fortran℄. Li-braries: [Bak92℄, [Tho97℄, [ZJ96℄.5.13.2. Complex Arguments, Real Parameters. [BN89℄. Libraries: [ZJ96℄. Systems:Maple.5.13.3. Artiles. [LR74℄, [MMV81℄, [RL76℄, [SGA81℄.5.14. Zeta Funtion (Generalized).5.14.1. Real arguments. [AB89℄. Libraries: [Bak92℄, [Mos89℄. Systems: Maple,Mathematia.5.14.2. Artiles. [CHT71℄, [Cra98℄, [Moi88℄.5.15. Additional Funtions of Two or More Variables.5.15.1. 3j, 6j, 9j Symbols (Clebsh-Gordan CoeÆients). [Kae95, Pasal℄. Libraries:[Tho97℄. Systems: Mathematia.5.15.2. Artiles. [RBMW59℄.



22 D. W. LOZIER AND F. W. J. OLVER6. Testing and Library ConstrutionIn this setion we list artiles and books that provide general observations onthe testing of software and/or the onstrution of software libraries for the speialfuntions. For information on individual libraries see x3.[Cod74℄, [Cod76℄, [Cod82℄, [Cod84b℄, [Cod85℄, [CS91℄, [Eva74, espeially pp.275{301 and 357{435℄, [Ful77℄, [Gaf88℄, [Kuk71℄, [LMS73a℄,[LMS73b℄, [Mos89℄, [PTVF92, example books℄, [Ri83℄, [Sh76℄, [SL73℄.7. Future TrendsGreat progress has been made in reent years in the onstrution of software forgenerating the speial funtions, yet enormous gaps remain for funtions havingvariable parameters in addition to the argument. This is espeially true when thevariables are omplex. In this onluding setion we o�er some general suggestionsonerning future work in this area.First, beause of the sheer magnitude of the e�ort required, there should be apereived physial or other applied need before a deision is made to embark on theonstrution of extensive new software for funtions of two or more variables. Atpresent there are simply too many gaps to �ll to be able to indulge in the luxury ofarbitrary seletion. Moreover, great are should be exerised in the hoie of atualfuntions to be generated. For example, neither the Airy funtion Bi(z) nor theBessel funtion of the seond kind Y�(z) has a useful role when the argument z isnot real; ompare [Olv74, Chapters 7 and 11℄.Seond, overage of a hosen region should be ditated by uniform aurayrequirements (in an appropriate measure), not by the limitations of the methodsthat happen to be used. At the very least it is frustrating for users to disover thatthe preision yielded by a pakage varies widely, or worse still disappears altogether,in parts of the laimed regions of overage.Third, the potential o�ered by the ongoing inrease in power of omputers shouldbe exploited with a view to reduing the number and omplexity of algorithms to beused. This inludes, for example, the use of parallel or vetor methods for summingseries [Kar91℄ or solving di�erential or di�erene equations [LO93℄.Fourth|and here we are looking further into the future|the use of systems ofomputer arithmeti other than oating-point should be onsidered. The oating-point system has two disadvantages whih beome espeially annoying and time-onsuming in the onstrution of speial-funtion software. One is that the assoi-ated error measure, relative preision, is quite inappropriate in the neighborhoodsof zeros. The other stems from failure due to overow or underow: here the usualremedy of resaling an be diÆult to apply, owing to the extremely varied asymp-toti behavior of funtions of several variables. A system of omputer arithmetithat is apable of overoming both problems in an elegant manner is the so-alledlevel-index system [COT89℄.Lastly, any new algorithm or pakage should be doumented fully. It should alsobe subjeted to exhaustive testing proedures, and these, too, need to be dou-mented. Indeed, the proposed testing proedures should be onsidered at an earlystage in the planning of the main algorithms10. There are so many pitfalls in the10For example, it is better to avoid the use of Wronskian and Casoratian relations in the mainomputing pakage, if possible, in order to reserve these identities for onsisteny heks.



NUMERICAL EVALUATION OF SPECIAL FUNCTIONS 23onstrution of algorithms for the speial funtions that the use of undoumentedor insuÆiently tested pakages is a risky proposition11.AknowledgmentsWe are grateful to the following individuals for supplying referenes and makinghelpful omments: D. E. Amos, W. L. Anderson, A. R. Barnett, E. Battiste, C.Brezinski, B. C. Carlson, B. Gabutti, P. W. Ga�ney, W. Gautshi, K. S. K�olbig, S.D. Leigh, L. C. Maximon, M. A. MClain, B. R. Miller, W. Parke, N. M. Temme,M. Vuorinen. A Note on the Referene AronymsIn the referenes that follow, the aronyms within the identifying square brak-ets follow the AMS BibTeX sheme. Initial letters pertain to the author(s) oreditor(s). These are followed by two digits representing the year of publiation; aletter may also be appended to distinguish between publiations in the same year,e.g. [AB87a℄, [AB87b℄. In the ase of papers or books with more than four au-thors, initial letters from the names of the �rst three authors are used, followed bya + sign, e.g. [ADK+84℄. It is also important to note that the referenesare listed aording to the alphabetial order of the aronyms and notaording to the alphabetial order of the authors' names.Referenes[AB87a℄ G. Allasia and R. Besenghi, Numerial alulation of inomplete gamma funtionsby the trapezoidal rule, Numer. Math. 50 (1987), 419{428.[AB87b℄ G. Allasia and R. Besenghi, Numerial omputation of Triomi's psi funtion by thetrapezoidal rule, Computing 39 (1987), 271{279.[AB89℄ G. Allasia and R. Besenghi, Numerial alulation of the Riemann zeta funtion andgeneralizations by means of the trapezoidal rule, Numerial and Applied Mathemat-is, Part 2 (Paris 1988) (C. Brezinski, ed.), IMACS Ann. Comput. Appl. Math., 1.2,Baltzer, Basel, 1989, pp. 467{472.[AB91℄ G. Allasia and R. Besenghi, Numerial evaluation of the Kummer funtion withomplex argument by the trapezoidal rule, Rend. Sem. Mat. Univ. Polite. Torino 49(1991), no. 3, 315{327 (1993).[Ah86℄ J.-J. Ahenbah, Numerik. Implementierung von Zylinderfunktionen, Friedr. Vieweg& Sohn, Braunshweig/Wiesbaden, 1986.[ACJP85℄ J. Arazy, T. Claesson, S. Janson, and J. Peetre, Means and their iterations, Proeed-ings of the Nineteenth Nordi Congress of Mathematiians, Reykjavik 1984, IelandiMathematial Soiety, Reykjavik, 1985, pp. 191{212.[ACM℄ Colleted algorithms from ACM, Assoiation for Computing Mahinery, 1515 Broad-way, New York, New York 10036, periodially updated looseleaf olletion.[ACM64℄ Index by subjet to algorithms, 1960{63, Comm. ACM 7 (1964), 146{148.[AD79℄ D. E. Amos and S. L. Daniel, AMOSLIB, a speial funtion library, version 9/77,Report 77-1390, Sandia Laboratories, August 1979.[Ada69℄ A. G. Adams, Algorithm 39. Areas under the normal urve, Comput. J. 12 (1969),197{198.[ADK+84℄ A. A. Abramov, A. L. Dyshko, N. B. Konyukhova, T. V. Pak, and B. S. Pariiskii,Evaluation of prolate spheroidal funtion by solving the orresponding di�erentialequations, U.S.S.R. Comput. Math. and Math. Phys. 24 (1984), no. 1, 1{11.[ADKL89℄ A. A. Abramov, A. L. Dyshko, N. B. Konyukhova, and T. V. Levitina, Evaluationof Lam�e angular wave funtions by solving auxiliary di�erential equations, U.S.S.R.Comput. Math. and Math. Phys. 29 (1989), no. 3, 119{131.11For a striking example see [Olv91℄.



24 D. W. LOZIER AND F. W. J. OLVER[ADKL91℄ A. A. Abramov, A. L. Dyshko, N. B. Konyukhova, and T. V. Levitina, Computationof radial wave funtions for spheroids and triaxial ellipsoids by the modi�ed phasefuntion method, Comput. Math. Math. Phys. 31 (1991), no. 2, 25{42.[ADW77a℄ D. E. Amos, S. L. Daniel, and M. K. Weston, Algorithm 511. CDC 6600 subroutinesIBESS and JBESS for Bessel funtions I�(x) and J�(x), x � 0, � � 0, ACM Trans.Math. Software 3 (1977), 93{95, for erratum see same journal v. 4 (1978), p. 411.[ADW77b℄ D. E. Amos, S. L. Daniel, and M. K. Weston, CDC 6600 subroutines IBESS andJBESS for Bessel funtions I�(x) and J�(x), x � 0, � � 0, ACM Trans. Math.Software 3 (1977), 76{92.[Air84℄ T. J. Aird, The IMSL library, Soures and Development of Mathematial Software(W. R. Cowell, ed.), Prentie-Hall, In., Englewood Cli�s, New Jersey, 1984, pp. 264{301.[Alh96℄ Fayez A. Alhargan, A omplete method for the omputations of Mathieu harater-isti numbers of integer orders, SIAM Rev. 38 (1996), no. 2, 239{255.[AM61℄ A. M. Arthurs and R. MCarroll, Expansion of spherial Bessel funtions in a seriesof Chebyshev polynomials, Math. Comp. 15 (1961), 159{162.[AM78℄ R. W. B. Ardill and K. J. M. Moriarty, Spherial Bessel funtions jn and yn ofinteger order and real argument, Comput. Phys. Comm. 14 (1978), 261{265.[Amo74℄ D. E. Amos, Computation of modi�ed Bessel funtions and their ratios, Math. Comp.28 (1974), 239{251.[Amo80a℄ D. E. Amos, Algorithm 556. Exponential integrals, ACM Trans. Math. Software 6(1980), 420{428, for remark see same journal v. 9 (1983), p. 525.[Amo80b℄ D. E. Amos, Computation of exponential integrals, ACM Trans. Math. Software 6(1980), 365{377.[Amo83a℄ D. E. Amos, Algorithm 609. A portable Fortran subroutine for the Bikley funtionsKin(x), ACM Trans. Math. Software 9 (1983), 480{493.[Amo83b℄ D. E. Amos, Algorithm 610. A portable Fortran subroutine for derivatives of the psifuntion, ACM Trans. Math. Software 9 (1983), 494{502.[Amo83℄ D. E. Amos, Uniform asymptoti expansions for exponential integrals En(x) andBikley funtions Kin(x), ACM Trans. Math. Software 9 (1983), 467{479.[Amo86℄ D. E. Amos, Algorithm 644. A portable pakage for Bessel funtions of a omplexargument and nonnegative order, ACM Trans. Math. Software 12 (1986), 265{273,for remarks see same journal v. 16 (1990), p. 404 and v. 21 (1995), pp. 388{393.[Amo90a℄ D. E. Amos, Algorithm 683. A portable Fortran subroutine for exponential integralsof a omplex argument, ACM Trans. Math. Software 16 (1990), 178{182.[Amo90b℄ D. E. Amos, Computation of exponential integrals of a omplex argument, ACMTrans. Math. Software 16 (1990), 169{177.[And82a℄ W. L. Anderson, Algorithm 588. Fast Hankel transforms using related and laggedonvolutions, ACM Trans. Math. Software 8 (1982), 369{370.[And82b℄ W. L. Anderson, Fast Hankel transforms using related and lagged onvolutions, ACMTrans. Math. Software 8 (1982), 344{368.[AS64℄ M. Abramowitz and I. A. Stegun (eds.), Handbook of mathematial funtions withformulas, graphs and mathematial tables, National Bureau of Standards AppliedMathematis Series, vol. 55, U. S. Government Printing OÆe, Washington, D. C.,1964.[AS68℄ Statistial algorithms editorial note, Appl. Statist. 17 (1968), 79{82.[AS92℄ J. Abad and J. Sesma, Computation of Coulomb wave funtions at low energies,Comput. Phys. Comm. 71 (1992), 110{124.[AS93a℄ R. W. Abernathy and R. P. Smith, Algorithm 724. Program to alulate F{perentiles, ACM Trans. Math. Software 19 (1993), 481{483.[AS93b℄ R. W. Abernathy and R. P. Smith, Applying series expansion to the inverse betadistribution to �nd perentiles of the F{distribution, ACM Trans. Math. Software19 (1993), 474{480.[Ask89℄ R. A. Askey, Handbooks of speial funtions, A Century of Mathematis in Ameria,Part III, Hist. Math., vol. 3, Amerian Mathematial Soiety, Providene, RhodeIsland, 1989, pp. 369{391.[ATZ83℄ F. M. Arsott, P. J. Taylor, and R. V. M. Zahar, On the numerial onstrution ofellipsoidal wave funtions, Math. Comp. 40 (1983), 367{380.
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